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1 Introduction

Hello to all! What is this? This is the story of how the program Nomignolov

version 1.2 “Benbow” was used to help selecting an algorithm for tournament
FootSteps, held at Bits En El Ring (BEER) 1.

FootSteps is a bidding game, for which I’ll report the rules and for which I
present some combinatorial counts. These counts are just for fun, if you have
any comments you are very wellcome to send corrections and/or additions.
I made also some general considerations about selecting one algorithm over
a mix of ones.

1http://bitsenelring.blogspot.com, site in Spanish
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Nomignolov is a free universal program that provides a graphics inter-
face to play at abstract strategy games in particular, and in general to any
scriptable game, puzzle or more. You can learn more about Nomignolov,
and download it, at http://nomignolov.blogspot.com.

This is not the first time I used Nomignolov for such a goal. I used it
for the previous tournament at BEER: an Intervalo contest. You can read
about that in “Intervalo and Nomignolov”, a recent post to the blog.

2 FootSteps’ rules

The board is a row of 7 cells, with a ball in the middle. One player owns
the right side, R, and the other the left side, L, of the board:

L R

Each player has a total of 50 counters, that can be used to negotiate the
ball position. At each turn, players have a secret bid. Then they show their
bid simultaneously. The ball moves one step closer to the side, L or R, of
the player who offered more.

In case of a draw, the ball stays still. Players lose always the counters
they bid.

The secret bid can be any number of counters left to the player, but
must be at least 1. If the player has no more counters, the game continues
and the player must bid 0 counters per turn.

A player wins when the ball reaches her side. If both players run out of
counters without having pushed the ball to their side, the game is a draw.

3 Some numbers related to FootSteps

Notations. Let x = (x1, . . . , x7) be the board of the game, where xi = 0 if
it’s an empty square, and xi = 1 if it contains the ball. If x1 = 1, then the
first player won the game; if x7 = 1, the second player won.

Let a = (a1, . . . , a50), ai ≥ 0, be the vector of points played by player 1
so far in turn 1, . . . , 50. The same goes for vector b = (b1, . . . , b50), bi ≥ 0
for player 2. When the game begins, ai = bi = 0,∀i. Let P be the general
player (1 or 2), and p is the vector of points played by P (a or b).

The situation of the game is then given by the three vectors x, a and b.
Let s = (x, a, b) be a situation, and S be the set of all possible situations.
Let X be the set [0, . . . , 50].

An algorithm for player P is a function of the game situation that returns
a number of counters to be played in the next turn:

fP (s) : S 7→ X

2



The real result of fP (s) is in
[

0, . . . , 50 −
∑50

i=1 pi

]

.

Tailless vectors. I call tailless vector a vector v of n integers v1, . . .,
vn such that

• 0 <
∑

vi ≤ K

• vi = 0 ⇒ vi+1 = 0,∀i

where K is some positive integer.
Vectors p, a and b are all tailless vectors, because they follow the previous

definition for n = 50 and K = 50.
Counting tailless vectors. How many tailless vectors do exist for n

and K?
Let ν(k, j) be the number of tailless vectors (of n integers) with sum k

(exactly) and with j non-zero elements.
When k = 1 and j = 1, there’s just one tailless vector: (1, 0, . . .), so

ν(1, 1) = 1.
Let k = 2. If j = 1, the only possible tailless vector is (2, 0, . . .). If j = 2,

there is only the vector (1, 1, . . .). So ν(2, 1) = ν(2, 2) = 1. The counting
may continue this way for k = 3, 4, . . ..

We can speed up the counting by noticing two things. First, that
ν(k, 1) = ν(k, k) = 1. This is obvious, because in the first case the only
tailless vector with j = 1 non-zero element is (k, 0, . . .), and in the second
case the only tailless vector with j = k non-zero elements is (1, . . . , 1).

Second, that ν(k, j) = ν(k − 1, j − 1) + ν(k − 1, j) (this is true for
1 < j < k). Infact, all existing tailless vectors with j non-zero elements and
with sum k can be constructed adding 1 to a vector of sum k − 1 of either
j−1 or j non-zero elements. In the first case we add a 1 as the j-th element.
In the second case we add 1 to the j-th element.

The values of ν(k, j) can fill a table such as Table 1, that is Pascal’s
Triangle (somewhat famous. . . ).

k \ j 1 2 3 4 5

1 1
2 1 1
3 1 2 1
4 1 3 3 1
5 1 4 6 4 1

. . . . . .

Table 1: Number of tailless vectors

Given the relation with Pascal’s Triangle, the generic value of ν(k, j) is
(

k−1
j−1

)

.
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Now it’s easy to answer the question. The number N of tailless vectors
for n and K is N =

∑K
k=1

∑k
j=1 ν(k, j). And, since the sum of the elements

of row k of Pascal’s Triangle is 2k−1, we have that N =
∑K

k=1 2k−1, so 2

N = 2K − 1.

Why is that? The result 2K − 1 is the number of words of K bits,
without the word of just 0 (that’s what the −1 stands there for). This means
that the tailless vectors can be put into a one to one relation with words
of K bits with at least one 1. A simple way of verifying this is by noting
that any tailless vector has a unique bit representation: the bit sequence 1
is translated as 1, the bit sequence 01 is translated as 2, etc.

FootSteps. Each tailless vector v with K ≥ 3 and j ≥ 3 can represent
an actual game 3 . Infact, for each v, the game could have been a = b = v,
ending in a draw. But, given that the game of 1 was a, the game of 2 can
be different.

The number of tailless vectors with j ≥ 3 (let it be N3) is N minus the
number of tailless vectors with j = 1 or j = 2.

The number of tailless vector with j = 1 is
∑K

k=1 ν(k, 1) = K. The

number of tailless vector with j = 2 is
∑K

k=2 ν(k, 2) = 1 + . . . + K − 1 =
K(K−1)

2 . So N3 = 2K − K − K(K−1)
2 is the number of tailless vector with

j ≥ 3, and also the number of possible stories for one player 4 . The total
number of possible games is a greater number, and not so easy to compute
5.

4 Algorithms

In the tournament at BEER there are a number of participants, but their
algorithms are not a representative sample of the universe of possible algo-
rithms.

As already noted in “Intervalo and Nomignolov”, even from empirical
experience, the order of two algorithms can change after the introduction of
another algorithm to the tournament.

2The sum of the geometric series a0 + a1 + . . . + aK−1 is a0
−aK

1−a
, and since a = 2 that

makes 2K
− 1.

Since a = 2, there’s another way of computing this sum using binary numbers. So
20 + 21 + 22 + . . . + 2K−1, in binary, is 1 + 10 + 100 + . . . + 10 . . . 0| {z }

K−1

= 1 . . . 1| {z }
K

= 10 . . . 0| {z }
K

−1,

that is 2K
− 1.

3A game has at least 3 turns (the minimum number of steps required to move the ball
to L or R). A game has a maximum of 50 turns, if (but not only if) each player bids 1
every turn.

4And, since K = 50, N3 = 1125899906843899, so 1.1 · 1015

5If you counts all the number of possible games please write to me, so you can contribute
to future articles like this one.
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Let x and y be two generic algorithms. If x and y played together a lot of
times, the frequency of games where x is winning is fxy, and the frequency
of games where y is winning is fyx. If d is the frequency of draws between
x and y, then

fxy + fyx + d = 1.

In FootSteps it is easy to present a trio of non-transitive algorithms a1,
a2 and a3 so that fa1a2 > fa2a1 , fa2a3 > fa3a2 and fa3a1 > fa1a3 (so a1 beats
a2, a2 beats a3 and a3 beats a1). For instance these three deterministic
algorithms are non-transitive:

a1 = (10, 10, 10, 10, 10, 0, . . .)

a2 = (20, 5, 5, 5, 5, 5, 5, 0, . . .)

a3 = (15, 15, 15, 1, 1, 0, . . .)

My approach is to run a domestic tournament trying to find my best
algorithm to submit to the tournament. This may not be the best approach
(which maybe should involve some considerations of which algorithms will
be submitted by other people), but it is useful for future works where the
best AI for a game (in term of evaluation functions) will be searched.

4.1 Mixing algorithms

When I am in the throes of devising a bunch of algorithms for one of my
domestic tournaments, several ideas come naturally into my mind.

One very reasonable thing is to ask myself whether it would be wise to
put together some algorithms, thus creating a new and possibly stronger one.
There are at least two ways that several algorithms could be put together,
in a mixed strategy. I’ll call them inner and outer mix of algorithms.

Outer Mix of Algorithms. Let a1 and a2 be two algorithms. Let y be
a mix of the two algorithms, with weights β1 and β2 (so that β1 + β2 = 1).

This means that at the beginning of a game, the algorithm y is set to
act for the current game as algorithm a1 with probability β1, and is set to
act for the current game as algorithm a2 with probability β2.

In symbols, y = β1a1+β2a2. In general, with n algorithms and n weights
of sum 1, y =

∑

βiai.
Now, let x be a generic algorithm. Using the same notation as above

it is possible to say that generally fa1x 6= fa2x, and even if fa1x = fa2x, we
can’t say when a1 beats x and when a2 beats x. This is particularly true
if x and/or a1 and a2 are not completely deterministic: a1 could beat x in
different cases than when a2 beats x.

What would be the frequency fyx? Simply

fyx = β1fa1x + β2fa2x,
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so the frequency of victory of algorithm y can be anything between fa1x and
fa2x. This imply that, in general fyx ≤ max(faix), so the outer mix is not
an effective way to mixing algorithms.

Inner Mix of Algorithms. In this type of mix, the compound algo-
rithm y is set to be equal to ai with probability βi at the beginning of every
turn.

I have not a simple proof that the inner mix is pointless (like the outer
one actually is). I will try some examples of inner mixes in my domestic
tournaments.

4.2 FootSteps’ algorithms

Here are all the algorithms that took part in my domestic tournaments. Most
of them are parametric, so that their behaviour depends on a parameter k.
There are deterministic and stochastic algorithms.

Random. Plays a random number of left counters.

Fractor. Plays
⌊

1
k

⌋

of left counters (k ∈ [2, . . . , 9]).

Constant. Plays always k counters (k ∈ [2, . . . , 20]).

Cautious. The other player has y counters, and the algorithm has x. Plays
k counters if y ≥ x, and max(x − y, k) counters if y < x (k ∈ [1, 2]).

Copycat. Plays max(yt−1, k), where yt−1 is the number of counters played
by the opponent in the previous turn (k ∈ [1, 2]). This is very similar,
but not the same, as the Cautious algorithm.

Mountain. Plays 2, 3, 4, 3, 2 counters if the ball is in position 2, . . . , 6.

Die. Plays a number of counters randomly choosen between 1 and k (k ∈
[2, 3, . . . , 7, 8, 10, 12, 14, 16]).

Inner Mix. There are two versions of this algorithm: an inner mix between
Fractor(4) and Constant(8), and an inner mix between Fractor(4) and
Die(8).

Adhoc. Plays 20, 5, 5, . . . counters.

Linear. There are 4 version of this algorithm. If the ball is 1, 2, 3, 4, 5 steps
away, plays: 2, 4, 6, 8, 10 (version 1); 10, 8, 6, 4, 2 (version 2); 1, 3, 5, 7, 9
(version 3); 9, 7, 5, 3, 1 (version 4).

Random Fractor. Plays always a random number of left counters between
1 and 1

k
(k ∈ [2, 3, 4, 5]).

Bigger Fractor. Plays always 1 − 1
k

of left counters (k ∈ [2, . . . , 9]).
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Mixed Fractor. Plays at random between 1
3 and 1

4 .

When the result of the formula of one of this algorithm is 0, the result
is forced to be 1; if it is greater that the number of left counters, it is forced
to be exactly that number.

Last Step Constraint. This simply means that in the very special
case when

1. the algorithm is in the next to its goal step and

2. the algorithm has more counters than the opponent

then just play all the left counters and win at once without following the
standard algorithm behaviour. The LSC was applied to all algorithms.

4.3 An artificial algorithm (more counts)

The tournament at BEER depends, as already said, on the other parteci-
pants. For this reason, constructing a winning algorithm requires inspiration
and luck.

Does it make any sense to search an algorithm strong in a general way? I
try to construct an algorithm that will be high-ranking (that means simply
above the average) in a virtual tournament where all possible algorithms
will be present.

Since I don’t know a way of listing all possible algorithms, I’ll assume that
the population A of all possible algorithms fighting together will produce
every possible game with the same probability.

I know that this is a strong assumption, but it’s quite reasonable given
that A contains all possible algorithms, and the majority of them are totally
unreasonable. . .We must bear in mind that this makes an average algorithm
quite weak in the real world.

The average algorithm can be thought as a compound of three compo-
nents:

1. the average length of the game ̄;

2. the average number of counters played per game k̄;

3. the distribution of k̄ counters in ̄ turns.

Components 1 and 2 can be computed exactly from Table 1, while for
component 3 an hypotesis should be made.

Average length of a game. We are considering just games where
j ≥ 3 and K ≥ 3. We know that the total number of such games is N3

6.

6Again, N3 is not the number of possible games, but the number of stories for one
player. It seems reasonable here to use it instead of the true N , partly because of the
assumption of using all the algorithms in A, partly because the true N is unknown :-)
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We know, by a Pascal’s Triangle property, that the number of games with
j turns is:

K
∑

k=j

ν(k, j) =

(

K

j

)

.

So, the average number of turns in a game is

̄ =

∑K
j=3

(

K
j

)

j

N3
.

This number, for K big, tends to be

PK
j=0 (K

j )j

2K , which is K
2

7. So, for
FootSteps, ̄ = 25 (with little surprise!).

Average counters played per game (by one player). Again, we are
considering just games where j ≥ 3 and K ≥ 3. Referring again to Table
1, the number of games is N3. The number of games where k counters are
played (k = 3, . . . ,K) is the sum of elements of the k-th row of Table 1 (so
2k−1) minus the first two elements (1 and k − 1).

So, the average number of counters played per game is

k̄ =

∑K
k=3(2

k−1 − 1 − (k − 1))k

N3
.

If the number K is big enough, the average k̄ tends 8 to be

k̄ ≃

∑K
k=1 2k−1k

2K
=

2K(K − 1) + 1

2K
≃ K − 1,

that means that, in the case of FootSteps k̄ ≃ 49. It’s no surprise that this
result is near 50, since in Pascal’s Triangle the sum of elements of each row
is twice the sum of elements of the previous row, and is also the sum of all
previous elements plus 1. So the mean has to be very near K.

Distribution of k̄ counters in ̄ turns. Here I’ve no funny calculations
to do.

7I added the null quantity
�

K
0

�
· 0 for j = 0, so that, since the denominator is 2K =PK

j=0

�
K
j

�
, ̄ is a weighted mean of numbers from 0 to K with weights symmetrical. The

intuition says therefore that the result is K
2

.

Otherwise we could note that, since
�

K
j

�
=

�
K

K−j

�
, the numerator can be rewritten asPK/2

j=0

�
K
j

�
(j + K − j) = K

PK/2
j=0

�
K
j

�
. From the same observation, the denominator can

be rewritten as 2
PK/2

j=0

�
K
j

�
(small adjustments can be made if K is not even, with the

same result).
8It’s not difficult to prove that

PK
k=1 ak−1k = aK(K − 1) + 1. It’s understood that

the sums goes from 1 to k − 1, so (1 − a)
PK

k=1 ak−1k =
PK

k=1 ak−1k −

PK
k=1 akk =

1+
PK

k=2 ak−1k−

P
akk− aKK. And since

PK
k=2 ak−1k =

P
ak(k +1) =

P
akk +

P
ak,

we can write (1 − a)
PK

k=1 ak−1k = 1 +
P

ak
− aKK = 1 + a−aK

1−a
− aKK.

So, because here a = 2,
PK

k=1 2k−1k = −1 −

2−2K

−1
+ 2KK = K2K

− 2K + 1.
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In the virtual world of A, the “real” distribution could be read from the
sums of columns of Table 1.

Anyhow, little can be done having to put 49 counters in 25 places without
leaving empty places. The distribution can change, but 25 counters should
be played one per turn, and 24 can really be distributed. This mean leaving
a trail of useless 1 at the end.

I can’t be really creative here. And I have already algorithms closer to
the artificial one, such as Constant(2). . .

5 Nomignolov’s implementation

I replicated the same scheme used for my domestic tournament of Intervalo.
Several things were the same, in particular the algorithm is used to select
a move (and not to evaluate a game position), and the moves of FootSteps
are simultaneously (like for Intervalo).

I customized version “Benbow” of Nomignolov in order to repeat a num-
ber of time each match 9.

I changed the number of games per match some times. The original 100
took too long as I added more and more algorithms. And it was pointless to
play 100 games between deterministic algorithms. This number was lowered
to 15, 10 and finally 4 in successive domestic tournaments, with little or no
effects on the order.

In a text file “PlayedGames.txt” I wrote a line for each match, following
the format

progressive_number;fxy;fyx;d;n_turns;

where fxy, fyx, d and n_turns are the total number of victory of player 1,
of player 2, the total number of draws and the total number of turns for all
the games in the match.

Another difference from the implementation of a tournament made for
Intervalo, is the way of telling the script which algorithms must fight. Last
time I made the script read the “PlayedGames.txt” file, and calculate the
current algorithms given the game number. Now I pass to the script the
algorithms’ id in the flag, encoded like aabb (two digits, for a maximum of
99 different algorithms).

A game scripted for Nomignolov has a global flag, used for instance to
flag a draw. From the Lua script it is possible to call the API functions
get_flag() and set_flag() to use its value.

In order to improve efficiency, I tried to disable the update of the board
when Nomignolov runs a tournament. This is not different from having
Nomignolov minimized, so I enabled it again.

9There are (n−1)n
2

matches for n algorithm. I listed n = 64, for a total of 2016 matches.
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I’ve found a bug: Nomignolov didn’t release ram after a game, so a
domestic tournament was doomed. This bug has little effect to normal
use of the program, since usually nobody plays thousands of games in a
row. . . Now the bug is fixed, and all the domestic tournaments I run didn’t
crash my system!

In order to find out from “PlayedGames.txt” the best algorithm, I made
the script “Tournament results.lua”. It runs from the prompt, and wants as
arguments the number of algorithms and the number of games per match.
It counts the number of games won by each algorithm, and prints some R
code to read the table in R.

This experience with “Tournament results.lua” is important, because I
think that a function to display the results of a domestic tournament could
be added to Nomignolov (e.g. with a Button) using this script. In general,
I think that scripts could be used as add-on for Nomignolov. . .

6 Results and comments

Table 2 shows the results of the domestic tournament, where each pair of
algorithms played 4 times. An algorithm received a point for each algorithm
defeated, with a maximum of 63 points.

algorithm points alg. pt. alg. pt. alg. pt.

1 7 17 38 33 19 49 23
2 36 18 40 34 20 50 26
3 44 19 44 35 19 51 23
4 42 20 46 36 37 52 33
5 35 21 40 37 34 53 26
6 28 22 41 38 44 54 20
7 25 23 42 39 45 55 17
8 18 24 14 40 42 56 29
9 18 25 17 41 41 57 12
10 9 26 6 42 37 58 2
11 13 27 8 43 23 59 0
12 20 28 9 44 25 60 0
13 27 29 8 45 27 61 0
14 33 30 8 46 29 62 0
15 36 31 12 47 32 63 0
16 39 32 11 48 18 64 43

Table 2: Results of domestic tournament

One of the stronger algorithm in all my domestic tournaments was Con-
stant(17) (a39). This is the case because a lot of algorithms I implemented
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were very dumb. Any intelligent being will win against Constant(17), but
not stupid algorithms such as Constant(k), Die(k), ecc.

Since I expect that the other partecipant at BEER will be a lot wiser,
I chose to send the Random Fractor algorithm. I have two main reasons
for this. The first reason is that it is not totally deterministic. I think
this is important because, as I said previously, a “strong” algorithm for a
tournament with unknown partecipants requires luck and intuition, and a
random element is the only possible source of luck! The second reason is
that I’d like the algorithm to be as simple as possible. Certainly it would
be possible to add an algorithm which behave differently given the position
of the ball and the left counters for both players, but I won’t be anything
as simple as a random number between 1

4 and 1
3 of the left counters (with

LSC).

7 Final words

As last month, it was a pleasure to use Nomignolov and to investigate some
aspects of a game. My main goal is to spread the word about Nomignolov,
and one way is to write and articles such as this one (well, the program
has not much to do with my combinatorial madness. . . ). I want to stress
the point of using Nomignolov instead of developing it (which is pointless if
nobody uses it). The results of Random Fractor at BEER tournament is in
Appendix A.

As always, I encourage anybody to collaborate in Nomignolov project in
any way!

In this period I’m using the program to something else (entirely differ-
ent!), and I think I’ll write another document of yet another Nomignolov
experience. I’ll partecipate to any other tournaments as well.

Bis später!

A Tournament’s results

For several reasons, I posponed the publishing of this document long enough
to see the results of the tournament at BEER.

There were 9 partecipants, and Random Fractor came 3-rd!
Marcos introduced a “repeated” tournament. He ran first a tournament

of 9 algorithms, then a tournament of 8 (removing who came 9-th). Then
he ran a tournament of 7 (removing who came 8-th), etc. Random Fractor
survived to all the successive stages, and came 2-nd in the last tournament
of 3 algorithms.

And that’s encouraging! At least after the exploit with Intervalo. . . !
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